Compactness and separation for represented spaces 



Arno Pauly 

Clare College 
University of Cambridge, United Kingdom 

Arno . Pauly@cl . cam. ac .uk 



The effective notions of compactness and topological separation are studied in full generality for 
represented spaces. Each concept is characterized by a multitude of equivalent properties, each 
corresponding the computability or continuity of certain functions. In particular, admissibility is 
identified as the effective counterpart to 7b separation. A synthetic approach allows simple proofs of 
strong results compared to the previous literature. 



1 Introduction 

It is well-known that many representations in computable analysis can be characterized by extremal 
properties - the prototypic example being that the standard representation of the space of continuous 
functions carries exactly as much information as needed to make function evaluation computable. In 
fact, this condition not only characterizes the representation, but also the set itself: Whenever a function 
is contained in a function space admitting computable function evaluation, it is computable w.r.t. some 
oracle - it's name - hence, it is continuous. Consequently, rather than speaking merely about representa- 
tions (of fixed sets) being characterized such, we should consider represented spaces - the combination 
of a set and a representation of it - as the fundamental objects of the characterization results. 

In many characterization results in the literature the representation is defined explicitly first, then 
the extremal property is proven. However, as a consequence of the UTM theorem, this is unnecessary: 
The condition itself defines the represented space up to computable isomorphisms. In fact, specifying 
details of standard representations beyond their characterizing property often complicates proofs of basic 
results, and can obfuscate the algorithmic ideas. 

Developing the basic theory of represented spaces based on extremal characterizations amounts to 
an instantiation of EsCARDO's synthetic topology |5] with the category of represented spaces. As this 
category is particularly well-behaved, we obtain a very concise picture, and can prove a few more results 
on compactness and separation than available in the generic setting. 

A synthetic treatment of various subcategories of the category of represented spaces, such as those 
spaces admissible w.r.t. a topology or a convergence relation, has been done by SCHRODER in [9]. These 
restrictions are either essentially unnecessary, or arise naturally as a consequence of the treatment. 

Effective compactness has been studied in [4] by BRATTKA and WEIHRAUCH, and in Q by Brat- 
tka and Presser. (131 by Grubba and Weihrauch basically constitutes a synthetic treatment of 
closed, open and compact sets for the restricted case of countably based spaces. Effective topological 
separation was considered in [12] by WEIHRAUCH. 

This paper is closely based on Q Chapter 3], the PhD thesis of the author. 

To appear in EPTCS. 
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2 The foundations 

The central notion is the represented space, which is a pair X = (X, Sx) of a set X and a partial surjection 
Sx -Q {0,1 } N — > X. A multi-valued function between represented spaces is a multi- valued function 
between the underlying sets. For / :C X Y and F :C {0, 1} N — >• {0, 1} N , we call F a realizer of / 
(notation F h /), iff 5y(F(p)) G f(8x(p)) for all p G dom(/5x). A map between represented spaces is 
called computable (continuous), iff it has a computable (continuous) realizer. 

Warning: A priori, the notion of a continuous map between represented spaces and a continuous 
map between topological spaces are distinct and should not be confused! 

We consider two categories of represented spaces, one equipped with the computable maps, and one 
equipped with the continuous maps. We call the resulting structure a category extension (cf. P. O), as 
the former is a subcategory of the latter, and shares its structure (products, coproducts, exponentials) as 
we shall see next. 

Proposition 1. For any two represented spaces X, Y there are represented spaces X x Y, X + Y and 
computable functions %\ : X x Y — > X, 712 '■ X x Y — > X, li : X — > X + Y, i 2 : Y — > X + Y, such that: 

1 . For any pair of continuous maps f\ : Z — > X, f% : Z — > Y there is a unique continuous map (/j x fj) : 
Z^XxYwithf i = 7i i o(f 1 xf 2 ). 

2. If f\ and f% are computable, so is f\ x fi. 

3. For any pair of continuous maps f\ : X — > Z, fi : Y — > Z there is a unique continuous map (f\ -I-/2) : 
X + Y^Zwith/, = (/ 1 +/ 2 )oi,, 

4. If f\ and fz are computable, so is f\+ f2- 

Given two represented spaces X, Y we obtain a third represented space ^(X, Y) of functions from 
X to Y by letting n lp be a [Sx — > 5y]-name for /, if the ?i-th Turing machine equipped with the oracle 
p computes a realizer for /. As a consequence of the UTM theorem, ,— ) is the exponential in the 
category of continuous maps between represented spaces, and the evaluation map is even computable. 

Proposition 2. Let X = (X,5x), Y = (Y, 8y), Z = (Z, 8z), U = (U, 5u) be represented spaces. Then the 
following functions are computable: 

1. eval : <T(X,Y) xX^Y defined via eval(/,x) = f(x). 

2. curry : ^(X x Y,Z) ?(X,?(Y,Z)) defined via curry(/) =m(y^ f(x,y)). 

3. uncurry : ?(X,?(Y,Z)) -)■ <^(X x Y,Z) defined via uncurry(/) = (x,y) ^ f(x)(y). 

4. o : ^(Y,Z) x <T(X, Y) -> ^f(X,Z), the composition of functions 

5. x:^(X,Y)x?(U,Z)^^(XxU,YxZ) 

6. const : Y — > ^(X, Y) defined via const(j) = (jc 1— > y). 

Proof. All items follow from standard arguments on Turing machines; one merely has to verify that the 
Type-2 semantics are unproblematic. 

1. By definition of [Sx — > Sy], if we apply the Turing machine with oracle specified in the [Sx — > 5k]- 
name of / to a 5y-name of x, we obtain a 5y-name of /(*). 
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2. From a Turing machine M we can compute a Turing machine M', such that M' on input p and 
oracle (#,0) simulates M on input and oracle o. 

3. and vice versa. 

4. Composition of Turing machines is computable, and appropriate access to the two oracles can be 
ensured. As composition of realizers yields a realizer of the composition, this suffices. 

5. The execution of two Turing machines in parallel can be simulated by a single one, access to the 
oracles can be done accordingly. Products of realizers are realizers of products. 

6. This is done via a Turing machine which ignores its input and copies the oracle tape to the output 
tape. 

□ 

Corollary 3. Let X, Y, Z be represented spaces. For any x £ X, the map partial,. : <^(X x Y,Z) — > 
^(Y, Z) defined via partial^ (/) = (y i-)- f(x,y)) is continuous. If x is computable, then so is partial,.. 

In the following, we will want to make use of two special represented spaces, N = (N,5n) and 
§ = ({0, 1}, 8s). The representation are given by 5n(0"10 n ) = n, 8§(0 n ) = and 8§(p) = 1 for p ■£ N . 
It is straight-forward to verify that the computability notion for the represented space N coincides with 
classical computability over the natural numbers. 

The Sierpihski space S in turn allows us to formalize semi-decidability. The computable functions 
/ : N — > S are exactly those where is recursively enumerable (and thus f~ l ({0}) co-recursively 

enumerable). In general, for any represented space X we obtain two spaces of subsets of X; the space 
of open sets ff(X) by identifying / G ^(X,Y) with / _1 ({1}), and the space of closed sets £f(X) by 
identifying / € tf(X, Y) with / -1 ({()})■ 



Proposition 4. Let X, Y be represented spaces. Then the following functions are well-defined and 
computable: 



1. 


c . 


0(X) -> 




, c : srf (X) — > 0(X) mapping a set to its complement 


2. 


U : 


: 0(X) x , 


&(X) - 


->■ ff(X), U : s^(X) x £/(X) ->• g/(X) 


3. 


n : 


: 0(X) x , 


&(X) - 


-> 0(X), n : ^(X) x £/(X) ->• ,ef(X) 


4. 


U 


:^(N,^( 


X))-> 


0(X) mapping a sequence (£/„) we N of open sets to their union \J ne fqU n 


5. 


n 




;x)H 


> =2/ (X) mapping a sequence (A n ) ne ^ of closed sets to their intersection HneN^ 


6. 




: <t(x,y; 




^(Y), ^(Y)) mapping / to f~ l as a set- valued function for open sets 


7. 


G: 


Xx ff(K 


) -> § defined via G (x, U) = 1, if x G U. 


8. 


X 


: £f(X) x 


J2/(Y) 





Proof. 1. By definition both functions are realized by id| j jn. 

2. Note that the functions A, V : § x § ->■ § defined via A(l , 1) = 1, A(x,y) = otherwise, V(0,0) = 0, 
V(x,y) = 1 are computable. A machine realizing them simply writes 0s until it reads a non-zero 
value from one or both input components, then it continues with Is. Now taking into consideration 
that &(X), $4 (X) may be considered as subspaces of the function space ^(X,S), we may realize 
U : &{X) x ^(X) -)• <^(X) by composition (Proposition [I] (4, 6), together with the diagonal) of A 
and x from Proposition[2](5), likewise the composition of V and x realizes U : stf (X) x srf (X) — > 
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3. This follows from 1. and 2. using de Morgan's law. 

4. The function 3 : ^(N,S) — > § defined via 3((x n ) ne ^) = 1, if 3n G N s.t. x n = 1, and 3((x„)„ g n) = 
otherwise is computable. Composition of 3 with the input yields the output, and is computable due 
to Proposition[2](4). 

5. This follows from 1. and 4. using de Morgan's law. 

6. Again, this is a special case of composition, which is computable due to Proposition[2](4). 

7. Here we have a special case of eval, which is computable due to Proposition[2](l). 

8. This follows from composing the computable function x : ^(X,S) x ^(Y,S) ->■ ^(X x Y,S x §) 
from Proposition [2] (6) together with V : § x § — > §. 

□ 

A represented space X canonically induces a topological space by equipping the set X by the quotient 
topology SFx of 8x :C {0, 1} N — > X. One can verify that 3?x is the underlying set of ^(X). The open sets 
of a represented space are the open sets in the induced topological space. Proposition[4](6) implies that a 
continuous map between represented spaces is also continuous as a map between the induced topological 
spaces. However, the converse is generally false. 

3 Compactness 

Definition 5. A represented space X is (computably) compact, if the map IsEmpty x : si (X) — > § defined 
via IsEmpty x (0) = 1 and IsEmpty x (A) = otherwise is continuous (computable). 

Proposition 6. The following properties are equivalent for a represented space X: 

1 . X is (computably) compact. 

2. IsFullx : <^(X) — > § defined via IsFullx (X) = 1 and IsFullx(f/) = otherwise is continuous (com- 
putable). 

3. For every (computable) AGs/ (X) the subspace A is (computably) compact. 

4. C: s/(X) x ff(X) -)• § defined via C (A,0) = 1, iff A C O is continuous (computable). 

5. IsCover : <^(N, £?(X)) — > S defined via IsCover((£/„)„ e N) = 1, iff UmgN U n =Xis continuous (com- 
putable). 

6. FiniteSubcover :C < ^ 7 (N,^ > (X)) N with dom(FiniteSubcover) 
= {(^i)nGN I UneN Un =X} and G FiniteSubcover((?7„)„ e N) iff U^o = Xis continuous (com- 
putable). 

7. Enough :C "Sf (N, &/(X)) =4 N with (A,-)/eN G dom(Enough) iff f] ien Ai = 0, and/V G Enough ( (A;) igN ) 
iff PIka^' = ® is continuous (computable). 

8. For all Y, the map 7T 2 : ^(X xY)-^ ^(Y) defined via n z {A) = {y G Y | 3x G X G A} is 
continuous (computable). 

9. For some non-empty Y (containing a computable point), the map 712 : =e/(X x Y) — > s/ (Y) is 
continuous (computable). 

Proof. 1.44>2. IsEmpty x and IsFullx have exactly the same realizers. 
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1. 44> 3. X is always a computable element of si (X), as it is realized by the constant function p h-> n . 
This provides the implication 1. <= 3.. For the other direction, note IsEmpty A (5) = IsEmpty x (An 
B), so continuity (computability) of IsEmpty A follows from Proposition|4](2) together with Corol- 
lary |3]and Proposition[2](2). 

1. 44>4. G <^(X) is computable by Proposition [2] (6), so if C is computable, so is A h- >C (A,0) by 

Corollary |3] For the other direction, observe A C B A HB C = 0, so we may use the combination 
of Proposition|4](l, 3), Corollary [3] and Proposition [2] (2) to obtain computability of C here. 

2. 44> 5. By Proposition[2](6) we can compute (U) ne ® from U, and clearly IsFull(£/) = IsCover((£/) nG N)- 

On the other hand, by Proposition|4](4), we can compute UmgN Un from (U n ) ne ^, and IsCover(([/)„ G N) = 
IsFull(U„ eN ^)- 

5. =^ 6. Assume that the Turing machine M computes IsCover (potentially with access to some oracle). 

In order to solve FiniteSubcover, we simulate M on the input for FiniteSubcover (which is of a 
suitable type). As we know that the input sequence does cover X, we also know that M has to 
write a 1 eventually. When M writes the first 1 , it has only read some finite prefix of the input. 
In particular, we may assume that M has no information at all about the U n with n > N for some 
N G N. Moreover, we can find such an N effectively from observing the simulation of M. 
Now N constitutes a valid answer to FiniteSubcover(([/„) ne N)- To see this, assume the contrary. 
Then \J% =0 U„ 7^ X. Now consider the sequence (U^) n€ ^ with U' n = U n for n < N and U' n = § 
otherwise. On some name for (t/^)„ 6 N, M will eventually print a 1 - as it cannot distinguish 
(Uj^neN from (Un)neN before that. But as (U^) ne ^ does not constitute a cover of X, this contradicts 
the initial assumption. 

6. => 2. Assume that the Turing machine M computes FiniteSubcover (potentially with access to some 

oracle). In order to solve IsFull(£/), we simulate M on input (U) ne j>i, which we can obtain by 
Proposition [2] (6). Beside the simulation, we repeatedly write Os on the output tape. If M ever 
produces some N G N as output, we write a 1. This actually solves IsFull(£/) correctly. 
If U =X, then (£/) ne pj is a valid input for FiniteCover, so eventually some N G N will be produced, 
causing the final result to be 1 G S. Now assume that M produces some N G N on input (U )„ £ n for 
U y^X. At the time where has been written, M has only received information about some finite 
prefix of its input. In particular, there is some K > N s.t. M exhibits the same behaviour when 
faced with the input sequence (L^)„ e N with U' n = U for n < K and U' n = X otherwise. As {U' n ) n ^ 
is a valid input for FiniteSubcover, M would be required to produce some k G N with k>K rather 
than N. The contradiction can only be resolved by the assumption that M never completes an 
output on input (U) ne ^ for U 7^ X, which yields the final answer to be G S. 

6. 44> 7. This follows via Proposition[4](l). 

1. => 8. By Proposition [2] (2), we can compute y 1— > (x i->- A(x,y)) from A G £/(X x Y). Now we find 
(x 1— > A(x, y)) G £/ (X), and if IsEmpty x is computable, so is y \— > IsEmpty x (x 1— > A(x, y)) = 712(A). 

8. => 9. Just instantiate with Y = N. 

9. 1. Let y G Y be a (computable) point. Then A i->- (y G 7ti(A x Y) c ) realizes IsEmpty x , and is 
continuous (computable) using the assumption, together with Proposition|4](l, 6, 7) together with 
Corollary [3] 

□ 

Proposition 7. Let X be (computably) compact and / : X — > Y a (computable) continuous surjection. 
Then Y is (computably) compact. 
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Proof. We use the characterization of compactness provided by Proposition [6] (2). By Proposition 4] (6) 
we find f^ 1 : ^(Y) -> ^(X) to be continuous (computable). Now observe IsFull Y (f/) = IsFuilx(/ _1 (£0) 
due to surjectivity of /. □ 

Proposition 8. If X, Y are (computably) compact, then so is X x Y. 

Proof. Note IsEmpty XxY = IsEmpty Y o7i2, and use Proposition [6] (8). □ 

We can call a subset of a represented space compact, if it is compact when represented with the 
subspace representation. A compact set K C X is called saturated, iff K = f){U€t7Cg)\Kcu} U ■ Noting 
that for compact K the set {U G ^(X) | K C U} is open in <?(X), we obtain a representation of the set 
J^(X) of saturated compact sets by identifying it as a subspace of ^(<?(X)). In particular, this makes 
C: J^(X) x £?(X) — > S computable, and provides a uniform counterpart to the results in [6] Often all 
compact sets are saturated, and we will only make the distinction where relevant. 

The union in Jf(X) corresponds to the intersection in ff(ff(K)), hence is well-defined and com- 
putable. The intersection of saturated compact sets is problematic (leading to another property of spaces, 
see Proposition [T3]), however, we find that the intersection of a compact and a closed set is compact: 



Proposition 9. n : JT(X) x £f(X) -4 (X) is computable. 

Proof. The core observation is that At~)B C U iff A C (UUB C ) together with Prepositional, 2). □ 

Corollary 10. X is (computably) compact, iff id : srf (X) — >• JtT(X) is well-defined and continuous (com- 
putable). 

There is a fundamental way to obtain compact sets: For i£X, let K x = r\{ue0(X)\x€U} V be the 
saturation of x. Note that for any open U 6 ^(X) we find x € U iff K x C [/, which establishes the: 

Observation 11. For any represented space the map ff : X — > J^(X) with fc(x) = is computable. 

The subspace {K x G J^(X) |iGX} shall be denoted by X K . The map K : X — > X K is reminiscent 
of the Kolmogorov-quotient (or 7o -reflector) in topology, and observation which will be expanded upon 
later. 

As a conclusion of this section, we present a uniform version of Proposition [7J 

Proposition 12. The map f~ l t-> f :C 1f(ff(Y), 0(X)) -4 V(Jf(X), J?(Y)) is well-defined and com- 
putable. 

Proof. It suffices to show that /~ 1 i->- / is well-defined, its computability then follows from the com- 
putability of f- 1 i-> :C "jf (tf'(Y), ^(X)) -4 <*f(^(^(X)), ^(^(Y))) as it is a restriction of this 

map. The computability of the latter map in turn is a special case of Proposition [4] (6). Well-definedness 
in turn follows directly from the characterization of J^(X) as subspace of ^(£?(X)). □ 



Corollary 13. The map ft->f: V(K,Y) -4 <<fpf (X), JT(Y)) is well-defined and computable. 
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4 T2 separation 

Definition 14. A represented space X is (computably) T%, if the map x 1— > {x} : X — > £/ (X) is well-defined 
and continuous (computable). 

Proposition 15. The following properties are equivalent for a represented space X: 

1. X is (computably) T%. 

2. id : J^(X) — > s4 (X) is well-defined and computable. 

3. n : JT(X) x JT(X) -> JT(X) is well-defined and computable. 

4. fc : X — >• j?/ (X) is well-defined and computable. 

5. /:XxX->§ defined via / (x,x) = and 7^ (x,y) = 1 otherwise is continuous (computable). 

6. A x = {(x,x) I x G X} G ^(X x X) 

Proof. 1. => 2. The map is identical to X" 1— >• (jc 1— > IsEmpty(^n {x})), which is computable by Proposi- 
tions [9j [2] using the assumption that x h-» {x} : X — » .2/ (X) is computable. 

2. =>• 3. The claim in 3. is a direct consequence of 2. and Proposition |9j 

3. 2. Observe that x G A' holds for a compact set K, if and only if K x C A' holds. Hence id : J^(X) — >• 
srf (X) is given by K i->- (x i-)- IsEmpty(ATl K"(x))), if intersection of compact sets is computable. 

2. => 4. 4. follows immediately from 2. and Observation [TT] 

4. => 2. Similar to 3. => 2.: In /(f H»- (x H> IsEmpty(^n K"(x))) use K : X — > s/(X), and the intersection 

from Proposition |9j 



2. => 5. Given x,y G X, compute K x ,K y G JT(X) by Observation 11 and then K x ,K y G g/(X) by the 
assumption. Now the claim follows from x^y iff x K y Vy ^ K x . 

5. => 1. By Proposition |2] (2) we find x 1— > (y 1— >^ (*>y)) to be continuous (computable), but this has the 
same realizers as x 1— > {x}. 

5. 44> 6. This is just a reformulation along the definition of ^/(X x X). 

□ 



At the first glance, Definition 14 seems to be a prime candidate for T\ separation rather than T2 
separation. In light of Proposition 15 it is clear that the denotation T2 is justified, too. The reason to 
prefer the identification as T2 rather than T\ separation lies in the observation that a represented space is 
T2, if and only if the induced topological space is sequentially T%. On the other hand, there are represented 
spaces not satisfying Definition 14 but induce a T\ topology. 



5 Admissibility as effective Tq separation 

SCHRODER |QT| defines a represented space X to be admissible, if any function / : {0, 1} N — > (X, <^(X)) 
that is continuous as a map between topological spaces is already continuous as a map between repre- 
sented spaces. The special role of Cantor space in the definition is non-essential: 

Theorem 16 (Schroder OH Theorem 4]). Let Sx, 8y be admissible, and 
/ : (X, ^(x,S x )) ~~ ^ {Y> ^(Y,5y)) be continuous. Then / : (X, 8x) — > (Y, 5y) is continuous. 
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Here we claim that admissibility can be seen as an effective counterpart to To separation. We begin 
with demonstrating that the induced topology of any admissible represented space is To'. 

Proposition 17. The indiscrete topology on {0, 1} is not the final topology of any admissible represen- 
tation. 

Proof. As every function / : {0, 1} N — > {0, 1} is continuous w.r.t. to the indiscrete topology, there are 2 C 
continuous functions in the topological sense. However, the cardinality of ^({0, 1} N ,X) cannot exceed 
that of the continuum. □ 

Corollary 18. Every admissibly represented space is 7b. 

The admissible spaces have a nice closure property w.r.t. the exponential: 
Theorem 19 (Q). Let Y be admissibly represented. Then 'rf (X, Y) is admissibly represented. 

Proof. Let / :C {0, 1} N — > ^(X, Y) be continuous as a function between topological spaces. Consider 
the function g :C {0, 1} N — > Y defined via g((p,q}) = (f(p))(8x(q)). As a function between topological 
spaces, g is continuous. This can be seen from g = evalo(/ x 8x) ° ( By Prepositional) eval is even 
continuous as a function between represented spaces, so by Proposition ?? it is continuous regarding the 
topologies, too. 8x is trivially continuous w.r.t its own quotient topology, / is continuous by assumption, 
and finally ( ) _1 is continuous. 

As b\ is assumed to be admissible, g has a continuous realizer G :C {0, 1} N — > {0, 1} N . By Propo- 
sition |2| (2), also F :C {0, 1} N -> {0, 1} N defined via F(p) = [{0, 1} N -> {0, 1} N ] -1 (? ■-> G((p,q))) is 
continuous. Now F is the sought realizer of /. □ 

Observation 20. § and N are admissibly represented. 

Corollary 21. For any represented space X, the spaces <?(X), s$ (X), and JfT(X) are admissibly repre- 
sented. 

The following characterization of admissibility demonstrates that the properties of a specific map are 
sufficient to define it: 

Proposition 22. X is admissibly represented iff X and X K are continuously isomorphic, i.e. iff fc -1 : 
X K — > X is well-defined and continuous. 



Proof. Corollary 21 together with the observation that admissibility is preserved under formation of 
subspaces establishes X K to be an admissibly represented space. By Observation [TT] the map K : X — > X K 
is computable, so it suffices to show that K has a continuous inverse if X is admissible. 

First, we point out that K is injective iff (X, is Tq. By Corollary [l8j any topology induced by an 
admissible representation is Tq. Due to Theorem [16] then we see that K has an inverse continuous as a 
map between represented spaces, iff k(U) G 0(X k ) for any U G <^(X). 

The latter claim follows from the observation that K x G k(U) iff K X QU for any K x G X K , and that 
the ability to semidecide the former makes k(U) open, whereas the latter is semidecidable by virtue of 
K x being a compact and U an open subset of X. □ 



'This theorem generalizes a result from II II (as we do not need admissibility of Sx), the proof closely resembles the proof 
of 1 10 Proposition 4.2(2)], both by SCHRODER. 
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In the light of Proposition [22} it makes sense to call a represented space X computably admissible, 
iff X and X K are even computably isomorphic. Note that such an isomorphism means that any point is 
effectively determined by the totality of its neighborhoods, just as 7b separation means that a point is 
determined by the totality of its neighborhoods. 

Returning to the remark that K behaves similar to the Kolmogorov quotient, we will show that K is 
the admissible reflector (and even effectively so!), which amounts to the following: 

Theorem 23. Let X, Y be represented spaces, and let Y be (computably) admissible. There is a (com- 
putable) continuous map m : <t£(X, Y) ^(X^Y) such that / = 9t(/) o k for all / e (X, Y). 

Proof. Taking into consideration X K C J£T(X) and f{K x ) = Kf< x \ for continuous maps, we can use Corol- 
lary [B]to compute / H- / : tf(X, Y) -> <*f(X Y K ). Then we use Proposition [2] (4, 6) to compose / with 



K 1 obtained from Proposition 1221 □ 



Corollary 24. ff(X) ^ 0(X K ), */(X) = ^(X*), JT(X) JT(X K ), X K ^ (X^ 

The ideas used to prove Theorem [23] can do more. For admissible codomains, continuity defined via 
realizer coincides with preimages of opens being effectively open and coincides with images of compacts 
be effectively compact. This provides counterparts to Corollary [T3| and Proposition [4] (6). In fact, these 
properties can be used to characterize admissibility: 

Theorem 25. The following properties are equivalent for a represented space X: 

1 . X is (computably) admissible. 

2. K : X K — > X is well-defined and continuous (computable). 

3. X is T , and for any represented space Y the map /■->•/ :C "jf (JT(Y), Jt(X)) -)■ ^(Y,X) is 
continuous (computable). 

4. X is To, and for any represented space Y the map ~ ! :C ^(^(X), ^(Y)) — > *rf (Y,X) is continuous 
(computable). 



Proof. 1. 2. In the continuous category, this is the statement of Proposition 22 in the computable 
category this is the definition. 



2. 3. This is a consequence of Theorem 23 



3. => 4. Via Proposition 12 



4. =>• 2. Instantiate with Y := X K . By Corollary [24j we have <^(X) = &(X K ), hence K" 1 : ^(X) -)• 
^(Xjc) is computable. The assumption then implies that K" = (fc -1 ) -1 is continuous (computable). 

□ 



6 Concluding remarks 



It was demonstrated that compactness (Proposition ml), Ti separation (Proposition 15 1 and admissibility 



(Theorem 25 1 all encompass various equivalent properties of represented spaces each characterized by 
the continuity or computability of specific maps. This marks the extent of possible generalizations of 
many standard results on computability for sets and functions. In particular, unnecessary restrictions in 
prior work such as admissibility, second-countability or metrizability are avoided. 

As the realizers witnessing the computability of the relevant mappings are generic and independent of 
the represented spaces involved, the approach presented here is a viable alternative to the introduction of 
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multi -representations of countably based admissibly represented spaces suggested in [ 8 ] by Rettinger 
and Weihrauch. 

Moving away from effective topological spaces, i.e. countably based admissible represented spaces, 
to represented spaces as the primitive objects of investigation for set and function computability opens up 
options for an integration with the study of hyper-computation. ZlEGLER |[T4l[T5l and Brattka H) (see 
also (H) observed that various kinds of hyper-computation such as limit computability or computability 
with mindchanges can be adequately characterized by means of operators generating new represented 
spaces from given ones. Based on these, a suitable characterization of functions such as topological 
closure and interior in terms of computable maps between appropriate represented spaces ought to be 
possible. 
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